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3JlJlMnTMMECKME UO ^yrjlMCy HMPEHBEPry CMCTEMbI 
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DOUGLIS NIRENBERG ELLIPTIC SYSTEMS 
(N : IN HORMANDER SPACES 
O 

I HccjieflyioTca paBHOMepno sjijinnTHHecKne b no /^yrjincy-HnpenGepry CHCxeMbi b Kjiacce 

■ rnjibGepTOBbix npocxpancTB XepMan^^epa. Hocjie^^nne napaMeTpnsyioTca pa;i,HajibHL.iM d^yHK- 

u;HOHajibHL,iM napaMexpoM, Koxopbifi RO-MenaeTCH na +00 Kax (|)yHKu;H5i ox (1 + r^e 
00 . ^ G M". /loKasana anpnopnaa on;eHKa pemenHii h HccjieflOBana hx peryjiapnocxb. Hojiyneno 

^ ^ocxaxoHHoe ycjioBne nexepoBocxn sxnx cncxeM. 
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We investigate Douglis-Nirenberg uniformly elliptic systems in M" on a class of Hormander 
inner product spaces. They are parametrized with a radial function parameter which is RO- 
varying at +00, considered as a function of (1 + I^^Vs ^jth ^ e M". An a'priori estimate for 
solutions is proved, and their interior regularity is studied. A sufficient condition for the systems 
to have the Fredholm property is given. 

1. BBe^eHHe. 06iii;He sjijinnxHHecKHe chcxcmbi ;];H(|)(|)epeHn;HajibHt.ix ypaBHennH CMemanHoro 
^ . nopsfl;Ka Gbijih BBe;];eHL.i A. /l,yrjiHcoM n JI. HnpenGeproM [1]. Co;];ep>KaxejibHL.ie npHMept.1 xaxnx 

! CHCxeM Bcxpenaioxcii b rn^poflHHaMHKe n xeopan ynpyrocxn. 3jijiHnxHHecKHe no /lyrjincy- 

I HnpenGepry chcxcmbi BoannKaiox xaxace npn CBe^ennH CKajiapHtix sjijinnxHHecKHX ypaBHeHHii 

^ ■ K CHCxeMaM ypaBHennii nepBoro nopa^Ka n npn CBe^ennn sjijinnxHHecKHX KpacBbix sa^an na 

Kpaii MHoroo6pa3Ha [2, 3, 4]. 

3jijiHnxHHecKHe ypaBneHna n chcxcmbi oGjia^aiox pa^oM xapaKxepntix CBoiicxB b niKa- 
jiax npocxpancxB rejibflepa-SnrMyn^a n Co6ojieBa: anpnopHbie on;eHKH pemenHii, noBbimeHHe 
k> _ rjia;];KocxH pemenHii, nexepoBocxb sjijinnxH^ecKHx onepaxopoB. YKasanHbie cBoficxBa hmciox 

j_j ■ BaJKHbie npHjioJKenna b xeopnn sjijinnxHHecKHX KpacBbix aa^an, b xeopnn nn^eKca sjijinnxn- 

^ ■ lecKHX onepaxopoB, b cneKxpajibnofl xeopnn ;i,H(|)(|)epeHn;HajibHt.ix onepaxopoB n pap^ p^pjrBX 

(cm. o63opt>i [2, 3] H npHBe;i,eHHyio xaM jinxepaxypy). 

B 3XOH CB33H upc^^cxaBjiaex HHxepec nccjie^^oBanne sjijinnxH^ecKHX ypaBHennH n chcxcm 
B pasjiHHHBix Kjiaccax 4)yHKn;HOHajibHL.ix npocxpancxB, xapaKxepnsyioniHX CBoiicxBa peryjiap- 
HocxH (|)yHKn;Hli/pacnpe^ejieHHii Gojiee xohko, hcm KjiaccnnecKHe mKajibi rejib^epa-SnrMyH^a 
H Co6ojieBa. JX^^ sxoro ecxecxBcnno ncnojibsoBaxb npocxpancxBa, b Koxoptix noKasaxejicM 
rjia^KocxH cjiyjKHx ne hhcjioboh, a (|)yHKn;HOHajibHL.iH napanexp. lUnpoKne Kjiaccti xaxnx 
npocxpancxB Gbijih BBe^enbi n cncxeMaxn^ecKH nccjie^oBanBi JI. XepMan^epoM [5] (n. 2.2), 
H npHMenenbi k HayHennio jioKajibnon peryjiapnocxn pemennn jinnennbix ^H(|)(|)epeHU,Hajib- 
Hbix ypaBHennn, a xaxjKe nx cncxeM (nocjie^^nne — b cjiynae nocxoannbix K03(|)4)Hn;HeHXOB) 
[5, 6]. B HacxoHniee BpeMa npocxpancxBa XepMan^^epa n nx pasjinnnbie anajiorn, HMenycMbie 
npocxpancxBaMH oGoGniennon rjia;i,KocxH, axxHBHO Hccjie/i,yioxcH KaK caMH no ce6e, xaK n c 
xoHKH apenna npHjioiKennn [7-12]. 
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^jifl npHjiojKeHHii, ocoSeHHO b cneKxpajibHOH TeopHH, HanSojiee BajKHtiM aBjiaeTca cjiy- 

Hafi rHjib5epTOBL.ix npocTpancTB. Cpejim hhx ocoGbih HHTepec npe;];cTaBjiHioT npocTpancTBa, 

HHTepnOJlHIl,HOHHbie OTHOCHTejIbHO rHJIb6epTOBOH Co6ojieBCKOH niKajIBI. HoCKOJIbKy IipH HH- 

Tepnoji5iii,HH Hacjie^yexca orpaHHieHHocxb jiHHeflHbix onepaxopoB, a xaKJKe hx nexepoBocxb 
(npH HeH3MeHH0M fle4)eKxe), xo KjiaccBi sxhx npocxpancxB cjiyacax yfloGnbiM HHCxpyMenxoM 
^jiH HsyHeHHfl CBoiicxB sjijinnxHHecKHx ypaBHeHHH h CHCxeM. 

B HacxoHmefi cxaxbe Hccjie;];yioxcH paBHOMepno BjijinnxHHecKHe b no ^yrjincy-HnpeH- 
6epry cHcxeMbi b Kjiacce rHjibGepxoBbix npocxpancxB XepManflepa 

H'^ := S2,^((.)) ^{w- pacnpeflejienne : (^((0)(:^«;)(0 e H'^'', d^}, (*) 

r^e (p — npoHSBOJiBHafl RO-MenfliomaflCfl 4)yHKi];Hfl CKajiapHoro apryMeHxa. BbiSop sxoro Kjiac- 
ca o6ycjiOBjieH xeM, hxo oh coBna^aex (c xohhocxbio flo SKBHBajieHXHOCxn Hopivi) c KjiaccoM 

Bcex rHjib6epxoBt>ix npocxpancxB, nnxepnojiJin;nonnL.ix oxnocnxejibno rnjib6epxoBOH co6ojieB- 
CKoii niKajiM [12| (ii. 2.4.2), [13]. B cxaxbe ycxanoBjiCHbi TCopcMbi 06 aiipnopHbix ou,enKax n o 
peryjiapnocxH pemennn sjijinnxHHecKHx chcxcm b npocxpancxBax (*), a xaKJKe (npn ^onojinn- 
xejiBHbix npeflnojioJKenHax) xeopeivia o nexepoBOCxn Maxpn^noro sjijinnxMHecKoro onepaxopa. 
OT/],ejibHi>iH cjiyHaii cncxeM, paBHOMepno sjijinnxMHecKHx no riexpoBCKOMy, paccMOxpen panee 

B [14]. 

OxMexHM, nxo ^jia 6ojiee ysKoro K.)iacca npocxpancTB XepMan^epa (yxoHnennaH co5o- 
jieBCKaa niKajia) sjijinnxnnecKHe ypaBnennH h sjuiHiixnnecKHe KpaeBbie saflann HCCJie/j,OBaHbi 
B. A. MHxaHjien;oM n BxopbiM aBxopoM b cepnH paSox, epefln Koxopbix ynoMflneM exaxbn [15-20] 
H Monorpa4)Hio [12]. 

2. IIocTaHOBKa sa^anH. ITycxb p, n G N. B eBKjin;];oBOM npocxpancxBe paccMaxpnBa- 
exca cHcxeMa jinnennbix fln4)4)epenn;Hajibnbix ypaBnennn 

p 

^Aj^k{x,D)uk{x) = fj{x), 3 = l,...,p, (1) 

k=l 

3flecb H flajiee /i = (/ii,...,/i„) — Myjibxnnn;];eKC c neoxpnn;axejibnbiMn n;ejibiMn KOMnonenxaMn, 
|/i|:= /ii + . . . + fin, Dj := id/dxj, Z)^(= D^) := D^^ . . . D^"- ^ Tj\e i — MnnMaa e^HHHn,a, a 
X = {xi, . . . ,Xn) G M". npeoGpasoBanne Oypbe J-" nepeBO^nx flH4)(]3epeHu,HajibHbm onepaxop 
B onepaxop yMnojKennfl na 4)ynKn;Hio :— ■ ■ ■ apryivienxa ^ = (Ci; ■ ■ ■ > Cn) £ 1^", 
flBoiicxBennoro k x. 

npezinojiaraexcH, nxo b chcxcmc (1) Bce K034)4)Hu;Henxbi aji^{x) — KOMnjicKcnosnannbie 
(|)yHKn,HH, SecKOHCHHO ^H4)4)epeHD,HpyeMbie h orpaHHHeHHbie BMecxe co bccmh nacxnbiMH npo- 
H3BO/],HbiMH B W\ Kjiacc xaKHx (J)yHKu,HH o6o3HaHaeM nepes C^. 

Pemenne cncxeMbi (1) nonniviaexca b CMbicjie xeopnn pacnpeflejiennii. Sannmeivi ee b Max- 
pnnnoH 4)opMe Au — f. Sflecb A := {Aj^k{x, D))^,^^-^ — Maxpnnnbin flH4)4)epenn;HajibnbiH 
onepaxop, a -u = col (-Ui, . . . , Up), f = col (/i, . . . , /p) — 4)yHKn;nonajibnbie cxoji6n;bi. 

Hpe^nojiaraeTCH, hto cncxcMa (1) paBHOMepno ajumnTHHecKaH b no /lyrjiHcy-Hnpen- 
6epry [2] (n. 3.2.b), x. e. cyni,ecxByiox na6opbi Ben],ecxBennbix nnceji li,...,lp n mi,...,mp 
xaxne, hxo: 

i) rj^k < Ij + ruk flJifl Bcex j,k ^ 1, . . . ,p; 

ii) naiiflexea hhcjio c > 0, npn KOxopoM 

I det(A5°](a;, 0)lk=i\ > c flJi^ JiioSbix x,^ E W, \^\ = 1. 



2 



\ix\=lj+mk 

— rjiaBHMii cnMBo,n ^^HcJicJiepeHi^HajibHoro onepaxopa Aj^k{x, D) b cjiynae Vj^^ — Ij + ^fc) JihGo 

^i°fc(^5 = cjiynae r^^fe < Ij + mfc. 

B oTflejiBHOM cjiynae, Kor^a Bce HucjiSi Ij = 0, cHcxeMa (1) HasbiBaexcH paBHOMepno 3Ji- 
jiHnTHHecKOH no HeTpoBCKOMy. Ecjih, KpoMe Toro, Bce nncjia paBHbi, to ona flBjiaeTCfl 
paBHOMepno sjijinnTHHecKofi b oSbihhom CMbicjie. 

BBCfleM (|)yHKii;HOHajii>Hi>ie npocTpancTBa, b KOToptix HccjieflyeTcs cncxeMa (1). 

HycTb RO — MHOJKecTBO Bcex HSMepHMbix no Bopejno 4)ynKn,HH ip : [1, oo) (0, oo), fljia 
KOTopbix cyni,ecTByiOT nncjia a > 1 n c > 1 Taxne, hto 

^ ^i^t) ^ ^ jiioSbix i > 1, A e [1, a] 

(nocTOflnnbie a n c saBncflT ot e RO). Taxne 4)ynKn;HH naatiBaiOT RO (hjih OR)-Menjno- 

n];HMHCH na 6ecKonennocTH. Kjiacc RO-MenHion^nxcH 4)ynKu;HH BBe^^en B. F. ABaxyMOBHneM b 
1936 r. H ^ocTaTOHHO nojmo nsyneH (cm. [21] (upHjioacenne 1), [22] (n. 2.0 - 2.2)). 

HycTb (fi G RO. OGosnaHHM nepes H'^ jinnennoe npocxpancxBo Bcex pacnpe^ejiennn w & S' 
xaKHx, nxo nx npeoSpaaoBanne Oypbe w :— J-w jiOKajii.no cyMMnpyeMO no JleSery b h 
yflOBjiexBopaex ycjroBHio 



I' 



SflecB, KaK oSbinno, S' — jmneiinoe xonojiornnecKoe npocxpancxBo IIlBapn;a Me^jienno pacxy- 
n];HX K0MnjieKCH03HaHHL.ix pacnpe^^ejiennfl, sa^^annbix b M", a (^) := (l + I^CP)^^^ ^ crjiajKennbiH 
Mo;];yjiB BCKTopa ,^ G M". C tohkh spennH iipHjiojKeHHH k /j,H4)4)epeHLi,HajibHbiM ypaBHennHM 
naM yfloGno xpaxxoBaxb pacnpe^ejienna xax anmujinnennbie (J)yHKn,HOHajit>i na npocxpancxBe 
S ocnoBnbix 4)ynKn;HH. 

B npocxpancxBe H'^ onpe^ejieno CKajiapnoe nponsBeflenne pacnpeflejrennn wi, W2 no 4)op- 
Myjie 



Oho sajxaeT na H'^ cxpyKxypy rnjibSepxoBa npocxpancxBa n onpe^ejiaex nopMy \\w\\ip :— 
{w,w)l/'^. 3xo npocxpancxBO cenapa6ejiBHo; b hcm njioxno MHoacecxBO GecKonenno flncj)- 
(|)epeHn;HpyeMt>ix 4)yHKii,HH na W\ y Koxoptix HOCHxejib KOMnaKxen. 

HpocxpancxBO H"^ — rnjibGepxoB naoxponnbin cjiynan npocxpancxB -Bp,fc, BBe^ennbix n cn- 
cxeMaxHnecKH nccjieflOBannbix Jl. XepMan^epoM [5] (n. 2.2) (cm. xaicace [6] (n. 10.1)). HMenno, 
H"^ — Bp^k, ecjin p — 2 VL k{^) — fUC)) npn ^ G R". Oxmbxhm, hxo npn p = 2 npocxpancxBa 
Xepuanjiepa coBna;];aiox c npocxpancxBaMH, BBeflennbiMH n naynennbiMn Jl. P. BojieBHHeM n 
B. n. naneaxoM [23] (§2). 

Ecjih (p{t) = ^jih bccx t > 1 iipn HCKOxopoM s G M, to H'^ =: i/'-*-' ecxb (rnjibGepxoBo) 
npocxpancxBO CoSojreBa nopa^Ka s. 

OxMexHM, Hxo npocxpancxBa BsanMHO flBOHCXBennbi oxnocHxejEtno pacniKpenna 

no nenpepbiBHOCXH HOJEyxopajrHnennoH 4)opMbi 



(wi,W2)r- := / Wi{x)w2{x)dx. 
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(oHeBHflHO, </? e RO <^ l/</? e RO). 3to pacmnpeHHe oGoaHanaeM TaKsce nepea (•, •) 
BeKTop-4)yHKn;HH u n f nojiaraeM {u, f)^n :— (Ki,/i)Rn + ... + {up, fpj^p, ecjin cjiaraeMtie 
onpe;],ejieHt>i. 

06o3HaHHM g{t) := t npn t > 1. MaTpHHHbitt flH4)4)epeHii,Hajit>Ht>m onepaxop A aBjiaexca 
orpaHHHeHHbiM onepaTopoM (cm. HHJKe n. 4) 

p p 

A : ^P""" H'^P''' fljifl KajKfloro e RO. (2) 
k=i j=i 

Sflecb (pp"^'',(pp~''^ e RO H nosTOMy onpeflejienbi npocTpancTBa XepiviaHflepa, 4)Hrypiipyioii],He 
b(2). 

B paGoxe nccjie^^yioTCH CBoiicTBa onepaxopa (2). 

3. OcHOBHbie pesyjibTaTbi. CcJaopMyjinpyeM ocHOBHbie pesyjiBTaTbi cTaTtn; hx flOKasa- 
TejibCTBo 6y^eT ^ano hhjkc b ii. 5. 

TeopeMa 1. Uycmb sadanu ^yHKV,UA (p e RO u hucao a > 0. Tosda cymecmeyem hucao 
c — c{(f, a) > maKoe, umo Bah npouseoAhHux 6eKmop-^yHKV,uu 

ue^H'^p-^ fe^m^-^ (3) 
k=i j=i 

ydo6Aem6opAwui,ux ypaeneHum Au — f e R", cnpaeedAuea anpuopnaA ov,eHKa 

/ P Nl/2 ^ P X 1/2 ^ P X 1/2 

^ k=l ^ ^ j=l ^ ^ k=\ ^ 

HycTB V — npoHSBOjiBHoe OTKpbiToe HenycToe no;];MHO>KecTBO npocTpancTBa R". Hccjie- 
;];yeM BHyTpeHHioio peryjiapHOCTH pemeHHa sjijinnTHHecKOH CHCTeMbi Au = / na V b Kjiacce 
npocTpancTB XepMaH^epa. 

0603HaHHM 

:= y H^'^ = y H^, H"^ := p| H'^'^ = H"^ 

3th oiipe^ejieHHH KoppeKTHbi, KaK 6y^eT iiOKasaHO b n. 4. B iipocTpancTBax H~°° h 
BBOfl3TCH ToiiojiorHH cooTBeTCTBeHHo HHflyKTHBHoro H npoeKTHBHOFo iipe^ejioB. Otmcthm, hto 
C B CHjiy TeopeMbi BjioaceHna Co6ojieBa. HojioacHM 

:= {w e H-'^ : xw e m 
fljia Bcex X e TaKHx, hto suppx C V, dist(suppx, 91^) > O}; (5) 

Sflecb (fi e RO. TonojiorHs b npocxpancTBe H^^iV) sa^^aeTca: nojiynopMaMH w — >■ HxtwHi^, r^e 
4)yHKii;HH X Te yKe, hto h b (5). Ecjih V = W\ to H^^^{V) = H'^ . 

TeopeMa 2. Uycmt ip G RO. IJpednoAOCHCUM, umo 6eKmop-(^yHKn,ufi u G {H~°°Y hbah- 

emcsi pemenueM ypaeneHusi Au = f na oniKpumoM MHOMcecmee V C M", ede fj G (V) 
Oah ecex j = 1, . . . ,p. Tosda u^ G Hf^^ ^ iV) Oah ecex k = 1, . . . ,p. 

OxMeTHM, HTO cjieflysT pasjiHHaTB eHympeHHtoK) h AOKaAhHym peryjiapHOCTb na otkpbitom 
MHoacecTBe V C IR". IlpocTpaHCTBO pacnpeflejienHfi, HMeiomnx xapaKTepnayeMyio napaMexpoM 
(p G RO jiOKajiBHyio peryjiapHOCTb na stom MHOJKecTBe, onpeflejiaeTCfl cjieflyioii],HM oSpaaoM: 

-^ioc(^) {'"^ ^ 11"°° : xw e H'^ fljifl Bcex x £ C'o" TaKHx, hto suppx C F}. 
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B cjiynae, Kor^a MHoacecTBO V orpaKHHeno, npocTpancTBa H^^{V) h H^^^iV) coBiiaflaiOT. Ecjih 
jKe V He orpaHHHeHO, to Moxcex Gbitb cxporoe BKjiioHeHHe H^^^iV) C H^^^iV). JI^Ji^i JioKajibHofi 
rjiaflKOCTH ciipaBe;],jiHB anajior TeopeMbi 2; b ee cjDopMyjiHpoBKe cjie/],yeT jiHinb saMeHHTb int na 
loc B o6o3HaHeHHHx iipocTpaHCTB. Oh xpHBHajiBHo BbixeKaex h3 TeopeMbi 2. 

B KanecTBe npHjioacenHa SToii TeopeMbi HMeeM cjieflyiomee flOCTaTonnoe ycjiOBHe nenpe- 

pblBHOCTH HaCTHblX HpOHSBO^HblX pemeHHfl U. 

TeopeMa 3. IJycmt) sadanu v,ejiue Hucjia k e {l,...,p}, X > u ^yHKV,UA (f e RO, 
ydoeAem6opH}ovu,a}i ycjioeuto 

oo 

1 

UpednoAOCHCUM, umo eeKmop-(f)yHKii,usi u G {H~°°Y ■fieAMemcsi pemenueM ypaeneHUH Au = f 

Ha oniKpumoM MHOCHcecmee V C R", sde fj E Hf^^ {V) Oa-h ecex j = 1, . . . ,p. Tosda komuo- 
Henma pemenuH UMeem na MHoatcecmee V nenpepuenue Hacmnue npouseodnue do nopndKa 
A eKAWHumeAhHO, npuneM amu npouseodnue ospaHUHenu na KaotcdoM MHOotcecmee Vq <Z V 
maKOM, Hmo dist(Vo, dV) > 0. B HacmHocmu, ecAU V — R", mo Uk G C^. 

3flecb — GanaxoBO npocTpancTBo Bcex 4)yHKii,HH w : R" — >■ C, HMeioiii,Hx nenpepbiBKbie 
H orpaHHHeHHbie nponsBO^^Hbie b R" nopjiflKa < A. 

OTMeTHM, HTo aHajiorii TeopeM 1-3 cnpaBefljiHBbi ii ^jih cHCTeMbi A'^u = /, cjDopMajibHo 
conpaxceHHOii k CHCTeMe (1), nocKOJibxy o6e ohh paBHOMepno sjijiHnTHHHbi b R" (no /],yrjiHcy- 
HnpenGepry). S^ecb, nanoMRHM, A'^ :— {A'^ j{x , D))^ j^^-^^, r^e 

A+.{x,D)uk{x):= 5] D^{4''{x)uk{x)y, 

Tax HTO {A'^u, f = [u, Av)k" npoH3Bo.nbHbix BeKTop-4)yHKii,HH u,v E {Sy. 
CncTeMe A'^u = f cooTBeTCTByeT orpaHHHeHHbiii oiiepaTop 

p p 

A+ : H'^P'" H'^P'"'' fljis Kaacfloro ^ e RO. (7) 
k=i j=i 

Oh conpsjKeH k onepaTopy (2), r^e nnmeM l/(p bmbcto (p, OTHOCHTejibHO nojiyTopajiHHeiiHOH 

4)0pMbI (•, •)]Rn. 

CorjiacHO TeopeMe 2 a^pa onepaTopoB (2) h (7) coBna^aiOT c npocTpancTBaMH 
N:^{ue iH°°y : Au = 0}, N+ := {v e {H°°y : A+v = 0} 

COOTBeTCTBeHHO H He 3aBHC3T OT (fi. 

Cjie^yiomHe ycjiOBHa aBjiaiOTca flocTaTOHHbiMH fljia neTepoBOCTH onepaxopa (2) (a TaioKe 
onepaTopa (7)): 

a) D°'aj^''{x) — )■ npn — )■ oo fljia Kascfloro MyjibTHMH^eKca a c |q;| > 1, npoHSBOJibHbix 
HH;];eKCOB J, /c G {1, . . . ,p} H MyjibTHHH;];eKca fi c < Vj^k, 
6) cymecTByioT HHCjia ci > h C2 > Taxne, hto 

I det{Aj^k{x, Ofj,k=i\ ^ flJia Jiio6bix x,^e \x\ + \^\ > C2. 

Sflecb q :— li + . . . + Ip + mi + . . . + nip, a 

|/t|</j+mfe 
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— nojiHbiH CHMBOJi flH4)(|)epeHii;Hajii>Horo onepaTopa Aj^k{x,D). 

HanoMHHM, HTO jiHHeHHMH orpaHHHeHHMH onepaTop T : Ei ^ E2, r/J,e EiH E2 — GanaxoBbi 
npocTpaHCTBa, HasbinaeTCH HexepoBbiM, ecjm ero aflpo kerT h KOH/],po cokerT := E2/T{X) 
KOHeHHOMepHbi. y HexepoBoro onepaxopa T o6jiacxb sHaneHHii T{X) saMKHyxa b E2, a HH^eKc 
ind T :— dim ker T — dim coker T KOHeneH. 

TeopeMa 4. nycrm> eunoAHAwmcH ycjioeuH a) u6). Tosda d/iA Kaotcdoso </? e RO onepamop 
(2) Hemepoe. Eso o6Aacmb SHaneHuu coenadaem c npocmpaHcmeoM 

\f ^ ^H"^" '' ■ {f,v)un = dAH ecex v e N+\, (8) 

a undeKC paeen dimiV — dim A^"*" u ne saeucum om ip. 

OxMexHM, Hxo ycjiOBHe 6) Bjienex 3a coGoii ycjiOBne ii) h3 onpeflejiennfl paBHOMepHofi sji- 
jiHnxHHHOCXH no ^yrjiHcy-HnpeHSepry. B cbok) onepeflB, ecjin npeflnojioJKHXb a), xo ycjiOBne 
6) cjiepyeT h3 nexepoBocxH onepaxopa (2) b coGojibbckom cjiynae (p — npn xoxa 6i>i o^hom 
3HaHeHHH s G M [24] (xeopeMa 4.2). 

ripeflnojioJKHM, nxo Bbniojinaioxca ycjiOBna a) n 6). B cjiynae, Kor^a npocxpancxBa n iV+ 
xpHBnajiBHbi, onepaxop (2) HBjiflexca roMeoMop4)H3MOM b cnjiy xeopeMbi 4 n xeopeMbi Banaxa 
06 oSpaxnoM onepaxope. B o6n],eH CHxyan,HH roMeoMop4)H3M y^oSno 3aflaBaxi. c noMoni,i>io 
cjie;];yion];nx npoexxopoB. 

HycxB (/9 G RO. PasjiojKnM npocTpancTBa, b Koxopbix ^encxByex nexepoB onepaxop (2), b 
npsMbie cyMMbi (3aMKHyxt>ix) no^npocxpancxB: 

H^p-^k ^ ^ ^ J ^ g ^vP-^k . ^^^^ ^ Q g^g^ weN\, 

k=l ^ k=l ^ 

V 

^ll^p-'i = Ar+ + (8). 

Taxne pa3Ji0JKeHHfl cyn];ecxByiox, nocKOJiBKy b hhx cjiaraeMbie nivieiox xpHBHajitnoe nepece- 
nenne, n KoneHHaa pasMepnocxb nepBoro h3 hhx paBna KopasMepnocxn Bxoporo. Hocjieflnee 
cjie;];yex h3 xoro, nxo b nepBon cyMMe cjDaKxopnpocxpancxBO npocxpancxBa //<pp™'= no 

BxopoMy cjiaraeMOMy aBjiaexcH flBoncxBeHHtiM npocxpancxBOM k iio/],iipocxpaHCXBy N npo- 
cxpancxBa ^\^^EP'^'^'^^^^^ (flBOHCXBennocxb nonnnaexca oxnocnxejitno (j^opMbi (-j-jR"). Ana- 
jiomHHO H fljifl Bxopoii CyMMbl. 

06o3HaHHM Hepe3 P n P+ cooxBexcxBenno (Koctie) npoexxopbi npocxpancxB 



rfp 



fe=i i=i 

na BToptie cjiaracMbie b yKasannbix cyMMax napajiJiejibno nepBbiM cjiaraeMbiM. 9xh npoexxopbi 
(KaK oxoGpajKenna) ne 3aBHCHx ox ip. 

Tor^a B CHjiy xeopeMbi 4 cyacenne onepaxopa (2) na noflnpocxpancxBO -P(0fc=i -ff'^'''"*) 
flBjiaexcfl roMeoMop4)H3MOM 

A : pI^^H^p-^') o P+(0 H^p-'^y 
k=i 3=1 

AnajiorHHHbiH pesyjibxax Bepen h onepaxopa (7). Oxmcxhm, nxo ero nexepoBocxb cjie- 
flyex H3 xeopeMbi 4, nocKOJibxy on conpajKcn k nexepoBOMy onepaxopy (2) c napaiviexpoM 1/ip 
BMecxo </?. 
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4. BcnoMoraTejibHbie pesyjibTaTbi. IlpHBe^cM HeKOTopbie nojiesHbie naivi (JjaKTbi; ohh 

6yflyT HcnojibsoBaHbi b ^^OKasaxejibCTBax xeopeM 1-4. 

Otmcthm cjie^yiomHe cBoflcTBa 4)yHKii;HOHajii>Horo Kjiacca RO (cm., nanpHMep, [21], npn- 
jiojKeHHe 1, xeopeMbi 1 h 2): 

i) </? e RO Tor^a h tojiijKO Tor^a, Korfla 



^{t) = exp(^/3{t) + J dr^ iipn t>l, 
1 



rfle BemecTBeHHbie (J)yHKLi,HH a a 13 HSMepHMbi no Bopejiio a orpanHHeHbi na nojiyocH [1, oo); 
ii) fljia jiK)6oii (|)yHKii;HH ip G RO cymecTByioT nucjia Sq,Si e M, Sq < Si, h ci > 1 Taxne, 

HTO 

-1^.0 < MM < ciA^i npH t>l, X> 1. (9) 

ip{t) 

JJ,Jis 4)yHKii,HH (/3 e RO onpeflejieHBi h KOHenHBi hh>khhh h BepxHHii HHfleKcti MaTymeBCKott 
[22] (n. 2.1.2): 

cro{ip) := sup {sq G M : Bepno jieBoe HepaBencTBO b (9)}, 
ai{if) :— inf {si G M : Bepno npaBoe nepaBencTBO b (9)}. 

Ha 4)opMyjii>i (9) npn t — 1 cjie^yiOT HenpepBiBHbie h njiOTHbie BjiojKeHHa 

ffM ^ ffv ^ ffiso) fljiH Bcex HHceji Si>ai{^), sq < ao{(p). (10) 

OTcmjia BbiTCKaeT KoppexTHOCTb onpe;];ejieHHJi npocTpancTB h H'^, ^annoro b n. 3. 

IIpocTpaHCTBO i/*^, 4)HrypHpyK)iii,ee b (10), ecTb pesyjibTaT HHTepiiojiHD,HH c iio/],xo/j,hiii,hm 

4)yHKII,HOHajIbHbIM IiapaMCTpOM Iiapbl CoGoJICBCKHX IipOCTpaHCTB H H^^'^\ HailOMHHM 

onpe^ejieHHe stoh HHTepnojismHH b cjiynae o6ii],hx rnjibSepTOBbix npocTpancTB h HeKOToptie 
ee CBoiiCTBa [12] (n. 1.1, 2.4.2). ^jia HaniHx i^ejieii flOCTaTOHHO orpaHHHHTbCfl cenapaSejitHbiMH 

npocTpancTBaMH. 

IlycTb 3a/j,aHa yiiopHflOHeHHaa iiapa X := [Xo.Xi] ceiiapa6ejibHbix KOMiijieKCHbix rajib- 
GepxoBbix npocTpancTB Xq h Xi xaKaa:, hto BbiiiojiHaexca neiipepbiBHoe h iijioxHoe BjiojKeHHe 
Xi ^ Xq. riapy X HasbiBaeM flonycTHMoii. ^Jifl nee cymecTByeT H30MeTpHHecKHH naoMop- 
4)H3M J : Xi Xq TaKoii, hto J — caMOConpajKenHbiH nojioJKHTejitHO onpeflejieHHbiii one- 
paTop B npocTpancTBe Xq c o6jiacTbio onpe^^ejieHHs Xi. Onepaxop J onpe^ejifleTCfl napofi X 
o^HosnaHHo; oh HasbiBaexcH iiopo>K/],aioiLi,HM /^jm X. 

06o3HaHHM Hepea B MHoacecxBo Bcex nsMepHMbix no Bopejiio (J)yHKii,HH ijj : (0, oo) — )■ (0, oo), 
Koxopbie oxflejieHM ox nyjia na Kaac^OM MHOJKecxBe [r, oo) h orpaHHHeHHbi na KajK^OM oxpesxe 
[a, b], r^e r>0H0<a<6<oo. 

Ilycxb Ip E B. B iipocxpaHCXBe Xq onpe^^ejien, xax (^jhkixus ox J, onepaxop ip{J). 06o- 
3HaHHM Hepes [Xo,Xi]^ hjih, Kopone, X^ o6jiacTb oiipeflejieHHJi onepaxopa ip{J), HaflejieHHyio 
CKajiapHbiM iipoHSBe^eHHeM {wi,W2)x^ '■= {ip{J)wi,ilj{J)w2)xo H cooxBexcTByiomefi HopMofi 

1 /2 

ll'^^ll-'^v ~ HpocxpaHcxBo X^ rajibGepxoBO h ceiiapa6ejibHo, iipH^eM BbiiiojmaexcH 

HenpeptiBHoe h njioxHoe Bjioacenne X^ ^ Xq. 

OyHKii,Hio ijj E B HasbiBaeM HHxepnojismHOHHbiM napaiviexpoM, ecjin fljia npoHSBOjibHbix 
^onycxHMbix nap X = [Xo,Xi], Y = [Yoj^i] rnjibSepxoBbix npocxpancxB h p^jis jiioSoro jih- 
HeflHoro OTo6pajKeHHH T, sa^aHHOi^o na Xq, BbiiiojiHaexcH cjie^yiomee. Eoiii iipn KajK^OM 
j G {0, 1} cyjKeHHe oxo6pa>KeHHH T na iipocxpancxBo Xj HBjiHexcH orpaHHneHHbiM onepaxo- 
poM T : Xj ^ Yj, TO n cyacenne oxoSpaaceHnfl T na npocxpancxBO X^ flBjiaexcfl orpanHHenHbiM 
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onepaTopoM T : — > Y^. Tor^a 6yfleM roBopHTb, hto npocTpancTBO nojiyneHO HHTepno- 

jiHi^nefl c 4)yHKri;HOHajibHL.iM napaMexpoM %lj napti X. 

HsBeCTHO, HTO 4)yHKII,H}I Ip & B JIBJIJieTCH HHTepiIOJIHLI,HOHHbIM IiapaMeTpOM TOr^a H TOJIbKO 

Torfla, Korfla ona nceBflOBorHyxa b oKpecxHocxH GecKoneHHocxH, x. e. iplt) x npH t ^ 1 
fljia HeKOxopoH nojioJKHxejiBHofi BorHyxoii 4)yHKii,HH '4>i{t). (Kax oSbihho, ^0 x ■^i o6o3HaHaex 
orpaHHHeHHOCXb o6ohx oxHomeHHii h V'l/V' sa yKaaaHHOM MHOJKecxBe.) 

B cjiynae, Korjia ppnjcTHMas napa cocxohx h3 coSojieBCKHx npocxpancxB, HaM nonafloSHxcfl 
cjieflyiomHH 4)aKX [12] (ii. 2.4.2, xeopeMa 2.19). 

IIpefljioiKeHHe 1. Ilycmh sadanu (pyHKii,uji ip G RO u eemecmecHHue uucjia Sq, Si manue, 

UmO So < (7q{i~p) U Si > (7i (</?). UoJlOOfCUM 

{f-so/{si-so) ^(fl/(si-so)\ „„„. f > 1 
(^(1) npu < i < 1. ^ ' 

Togda (pyHK%UH & B neAaemcn UHmepnojisiv,uoHHUM napaMempoM u 

[H^'°\ ^ (12) 

c paeeHcmeoM nopM. 

OxMexHM xaKsce [12] (n. 2.4.2), hxo HcnojiBsyeMbiH HaMH Kjiacc rHjibSepxoBBix npocxpancxB 
{-ff*^ : if G RO} saMKHyx oxHOCHxejibHO HHxepnojiHii;HH c 4)yHKii;HOHajibHL.iM napaMexpoM. Bo- 
jiee xoro, oh coBiia^aex (c xohhoctbio f\o SKBHBajieHXHOcxH hopm) c KjiaccoM Bcex rHjitGepxo- 
Bbix npocxpancxB, HHxepnojiHij,HOHHbix ^jih nap coGojicbckhx npocxpancxB [H^^'^\ H'^^^^]^ rp^e 
So, Si G R H So < Si- HanoMHHM, Hxo CBoiicxBO (rHjibSepxoBoro) npocxpaHcxBa H Sbixb nnxep- 
nojifln;HOHHi.iM fljia flonycxHMon napbi X = [Xq, Xi] 03HaHaex cjieflyioni,ee: a) BbinojiHflioxcfl 
nenpepL.iBnt.ie Bjioxcenna Xi "-^ H Xq, 6) BCHKnn jinnennbin onepaxop, orpanHHenHBiii na 
KayKflpM H3 npocxpancxB Xq n Xi, hbjihcxch orpannnenntiM n na X. 

Ilpn Hnxepnoji3n,HH npocxpancxB nacjie^yexca ne xojibko orpannnennocxb, no n nexepo- 
Bocxb jiHHeHHbix onepaxopoB npn neKOxopbix flonojiHHxejiBHbix ycjiOBHflx. C4)opMyjiHpyeM 
3X0X pesyjibxax npHMennxejibHO k paccMOxpeHHOMy naiviH Mexo^y HHxepnojifln;HH [12] (n. 1.1.7, 
xeopeMa 1.7). 

npe/i,JiojKeHHe 2. Uycm.'b X = [Xq,Xi] uY= [Yq,Yi] — donycmuMue napu 2UA'b6ep- 
moeux npocmpaHcme. Uycmh, npoMe moao, na Xq sadano AuneuHoe omo6pacHceHue T maKoe, 
Hmo ezo cyoKtHUK na npocmpaHcmea Xj, sde j — 0,1, HeAHwrncA ospaHUHeuHUMU nemepo- 
euMU onepamopoMU T : Xj ^ Yj, uMemmuMU 0610,66 ndpo u odunaKoeuu UHd6KC. Tosda Oah 
npouseoAbHoso UHmepnoAsm^uoHHOso napajviempa ip E B ospaHuueHHUu onepamop T : X^ — >■ Y^ 
Hemepoe c mcMU ofce ndpoM u undeKCOM, a ezo oBAacmh aHauenuu paena Y^ fl T{Xq). 

B ^OKasaxejibcxBax naM npH/],excH nnxepnojinpoBaxb opxoronajibnbie cyMMbi rnjibGepxoBbix 
npocxpancxB. /^Jia sxoro Sy^ex nojiesen cjieflyiomHH 4)aKx [12] (n. 1.1.5, xeopeMa 1.5). 

IIpeflJioaceHHe 3. Uycrm, sadano koh6hho6 hucao donycmuMux nap [XS'\XP] 3UAb66p- 
moeux npocmpaHcme, 2c?e k — 1, . . . ,p. Tosda Oaa aw6o30 ip & B cnpaeedAueo 

p p -I p 



k=l k=l 



k=l 



c paeencmeoM HopM. 

Ilpn flOKaaaxejibcxBe xeopeM 1 n 2 mm BocnojibsyeMca xeM BajKnbiM 4)aKxoM, nxo paBHo- 
Mepno sjijinnxHHecKHH flH4)(3DepeHn;HajibHbiH onepaxop A HMeex napaMexpnxc, x. e. MaxpHHHbiii 
nceBfl0flH4)4)epeHn,HajibHbiH onepaxop (IT^O), o6paxHbiH k A c xohhocxbio flo n^O nopfl^Ka 
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— oo. HaiioMHHM Heo6xo;],HMbie HaM (JjaKTbi, OTHOCflmHecfl k n^O h napaivieTpHKcaM (cm., na- 
npHMep, [2] (ii. 1.1, 1.9, 3.2)). 

06o3HaHHM Hepes r^e r G M, MHOJKecTBo Bcex IlJiO G b M" (ne oGHsaxejibHo KjiaccH^e- 
CKHx) TaKHx, HTo Hx cHMBOJi g{x,^) GecKOHeHHo flHcJ^cj^epeHi^HpyeMbiH B M^"^ H yflOBjiexBopaex 
cjieflyioiii,eMy ycjiOBHio: fljia jhoSbix MyjibTHHHfleKCOB a n P cymecTByeT hhcjio Ca,i3 > 0, npn 

KOTOpOM 

|L':L'fp(x,OI <Ca,/3(0'^"'^' flJiflJiioSBix x,ee]R". 

Hhcjio r HasbiBaeTCH ((|)opMajibHi>iM) nopaflKOM U.JJ(J G. Hojiojkhm :— Hr-eiR^'^- 

IIpe^jioxceHHe 4. Cymecmeyem MampuHHUu Il/fO B — {B^j)^ maKou, nmo ece B^j e 

\^-mk-lj ^ 

BA = I + T^, AB = I + T2, (13) 

ede Ti = (Tl'^Y-^^^ u T2 = (Tj'^'"')! ^-^^^ — neKomopue MampuHHue H/fO, cocmoHiJUue U3 3Jie- 
Menmoe KAacca a I — mootcdecmeeHHUu onepamop e S' . 

BcflKHii n^O Kjiacca aBjiaeTca HenpepBiBHbiM onepaTopoM b npocTpancTBe S'. Cjie^y- 
ioii],aH jieMMa y 10 tinker stot 4)aKT npHMeHHTejiBHO k npocTpancTBaM XepMaH^epa. 

JleMMa 1. /l^AJi njJ,0 G G cyMcenue AuneuHoso omo6pacnceHUM u — >■ Gu, u G S' , na 
npocmpaHcmeo H'^ mAfiemcfi ozpanuueHHUM onepamopoM 

G: m ^ dAM Aw6ux ip G RO. (14) 

JHoKaaameji'bcmeo. B c/iyiae coGojicbckhx npocipaHciB 3tot (|)aKT HSBecxeH [2] (n. 1.1, 
TeopeMa 1.1.2). Otoo^a BbiBC/j,CM orpaHHHeHHOCTb oneparopa (14) c noMombio HHTepnojifli];HH 
c 4)yHKi];H0HajibHbiM napaMCTpoM. 

riycTb </? G RO. BbiSepeM nncjia sq < h si > (7i (</?). PaccMOTpHM jiHHeiiHbie orpaHH- 

HeHHbie onepaTopbi 

G : H^'^^ fljiH J = 0, 1, (15) 

fleiiCTByiomHe b npocTpancTBax Co6ojieBa. Onpej^eji'aM ip no cjDopMyjie (11); corjiacHO npe^i;- 
jioJKeHHK) 1, 4)yHKij,HH ip— HHTepnoji5iii,HOHHbiH napaMCTp. IIoTOMy H3 orpaHHHeHHocTH onepa- 
TopoB (15) cjieflyeT, hto cyjKeHne OTo6paaceHHfl G na npocipancTBo [H'^^°\ H'^^^'>]^ aBjiaeTca 
orpaHHHeHHbiM onepaTopoM 

G : [h'^'°\H^''^^^ (16) 

B CHjiy npefljioJKeHHfl 1 BbinojinaiOTca pabencTBa (12) h 



SaMeTHM, HTO BTopoe H3 HHx BcpHo, HocKOJibKy sq — r < ao{ipp~^), Si — r > ai{ipp^^'), a 
4)yHKii;H0HajibHbiH napaMeTp ijj yflOBjieTBopaeT cooTHomeHHio (11), ecjiH b hcm saMenHTb sq na 
Sq — r, Si 'KBi Si — r n Ha (pp~'^. CjieflOBaTejibHO, orpanHHeHHOCTb onepaTopa (16) osHanaeT 
orpaHHHeHHocTb onepaTopa (14). 
JleMMa 1 flOKasana. 

B CHjiy jieMMbi 1 oneparop (2) oi paHHHen, nocKOJibxy Ka>K/],biH /j,H4)4)epeHij,HajibHbiit one- 
paTop Aj^k{x,D) npHHafljieacHT Kjiaccy 

^jifl flOKaaaTejibCTBa xeopeMbi 3 naM nonafloSHTCfl cjieflyiomnfi HSOTponHbiii BapnaHT Teo- 
peMbi BjioaceHHfl XepMan^epa. 
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JleMMa 2. IJycm'b aadanu v,ejioe hucjio X>Ou ^yHK%ua ui e RO. Tosda ycjioeue 

oo 

J e^+''-^uj-''{t)dt<oo (17) 
1 

paeHocuAbHO BAOCHceHUK) H'^ d C^, u amo eAoofcenue Henpepueno. 

JHoKaaameAbcmeo. Teopeivia BjioacenHa XepMaH^epa [5] (n. 2.2, Teopeivia 2.2.7) yTsep- 
jKflaeT B THjibSepTOBOM cjiynae, hto 



Sflecb, HanoMHHM, B^^k — npocTpancTBO XepiviaHflepa, iiapaMexpHsyeMoe BecoBoii 4)yHKi];HeH 
k{$,) OT n nepeMCHHbix. Ecjih 3Ta (^jhkixrs paflnajiBHa: k{^) — oj{{$,)), to cooTBeTCTByioiii,ee eft 
npocTpancTBO -82,*; = H'^ HSOTponno h 

/ {0''^-MO)d^ <oo ^ H-C Cl (18) 

HoKajKeM, HTO jieBoe ycjioBHe b (18) SKBHBajieHTHO (17). 

Hepexofla k ccj^epHHecKHM KoopflHHaxaM, r^e r := \^\, h saxeM flejiaa saMeny t = yl + r^, 
nojiynaeM: 

J {0^^ = c J (l + r2)^tu-2(x/rT72) r"-^(ir = 

]R" 
00 00 

= c J ^2^+^ (i2-l)"/2-^a;-2(i)dt = A + c ^ t^^^^ (t'' - 1)"/^-' ou'' (t) dt. 
1 2 

Sflecb c := nVi, r^e Vi — oSi^eM eflHHHHHoro mapa b R", a 

2 

A:=c J t^'+' {e - ir'^-^u-\t) dt < 00, 
1 

nocKOJiBKy a;x 1 na [1,2] n n/2 — 1 > —1. CjieflOBaTejitHO, 

00 

J iO^^uj-^iO) d^<oo ^ J e^^^ - lY'^-^uj-\t) dt < 00 ^ 

R" 2 

00 

^ j t2A+n-l^-2^^)^^^^ ^ 
2 

OTCio;];a B CHjiy (18) j\ejia,eM Bi,moj\^ hto (17) SKBHBajieHTHO BjioaceHHio H'^ C C^. Oho nenpe- 
pbiBHo, iiocKOjibKy 6aHaxoB£>i iipocTpaHCTBa h nenpepbiBHo Bjioacenbi b neKOTopoe xay- 
cflop4)OBo iipocxpaHCTBo, HanpHMcp B S' . 
JleMMa 2 flOKaaana. 
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B CBH3H c iicii OTMCTHM cjieflyioii];ee. Ecjm = //(^) — npocTpancTBO CoGojieBa nopa^Ka 
s, T. e. uj{t) = iipH t > 1, TO ycjioBHe (17) paBHOCHjibHO HepaBeHCTBy s > A + n/2, h mbi 
npHxo^HM K TeopeMe BjioxceHHs Co6ojieBa. 

5. /],OKa3aTejibCTBO ochobhmx pesyjitTaTOB. ^oKaaceM TeopeMbi 14. 

/l^oKaaameAbcmeo meopeMU 1. 06o3HaHHM nepea || • ||'^, || • ||'^ h || • ||'^^^ cooTBeTCTBenHO 
HopMbi B npocTpancTBax 



rnu—iT 



fe=l j=l k=l 

riycTB BeKTop-4)yHKn;HH (3) y^OBjieTBopaiOT ypaBHeHHio Au — f b R". B CHjiy nepBoro 
paBencTBa b (13) HMeeivi: u — Bf — Tiu. OTCiOfla BbiTexaeT oi];eHKa (4): 

ht = \\Bf - Tiu\\'^ < \\Bft + \\Ti< < c ii/ii; + c ||«||;,,. 

SflecB c — MaKCHMyM HopM onepaTopoB 

B : 0i/^p-'^^0i/^P'"'=, (19) 

j=l k=l 
k=l k=l 

orpaHHHeHHbix b CHjiy npefljioJKeHHJi 4 h jieMMbi 1. 

TeopeMa 1 ;n;oKa3aHa. 

/l^oKaaameA'bcmeo meopsMm 2. Cnanajia paccMOTpHM cjiynaH, Kor^a V = M."'. Ho ycjio- 
BHio, Au = f B M", r^e / G ^j^iH''''^ \ BocnojibsoBaBniHCb iicpBbiM paBCHCTBOM b (13), 
saimmeM u = Bf — TiU. Sflecb Bf G jj'pp"''' b cHjiy (19) h TiU G {H°°y BBH^y npefljio- 

jKeHHfl 4. CjieflOBaTejiBHO, u G ^fp""^ ^ tj^o h TpeSoBajioct flOKaaaTb b cjiynae V 

PaccMOTpHM Tenept cjiynan, Kor^a V ^ W^. IlpoHaBOJibHO BbiSepeM 4)yHKii,Hio x G 

TaKyiO, HTO 

suppx <ZV H dist(suppx, 91^) > 0. (20) 
^jia nee cyiii,ecTByeT 4)yHKi];Hfl 77 G C°° Taxaa, hto 

suppry C V, dist(supp ?7, 9\^) > 0, 77 = 1 b OKpecTHOcra suppx- (21) 

fleficTBHTejiBHO, MOJKHO onpe^^ejiHTb yKasaHHyio 4)yHKii;Hio c noMombio onepaii;HH CBepxKH no 

(jDOpMyjie Tj := X2e *'^e) rfl6 e := dist(suppx, C^V")/4, X2s ^ HHflHKaXOp 2£-OKpeCTHOCTH MHOJKe- 

CTBa supp X, a (|)yHKii,H5i cu^ G yflOBjieTBopaeT ycjiOBHAM 

uj^ > 0, suppajg C {x G : \\x\\ < e}, J ujs{x) dx — 1. 

Henocpe/j,CTBeHHO iipoBepaeTca, hto xaKaa (jDyHKij,HH rj iipHHa/j,jiejKHT Kjiaccy h HMeeT 
cjieflyioiii,ee cbohctbo: 77 = 1 b £-OKpecTHOCTH MHOJKecTBa suppx h 77 = bhb 3£-0KpecTH0CTH 
3Toro JKe MHoacecTBa, t. e. 77 yflOBjieTBopaeT ycjiOBHSM (21). 
Ha ocHOBaHHH nepBoro paBencTBa b (13) MOJKeM sanncaTb 

Xu = xBAu - xTiu = xBvAu + x5(l - v)Au - xTiu. (22) 



n 
00 
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TaK KaK Au = f Ka, MHOJKecTBe V, to r]Au — rjf b R", r^e rjf e 0j=i H'^^ 
TeopeMM. CjieflOBaTejibHO, b CHjiy (19) HMeeivi: 

p 

xBriAu = xBvf e^H^ 
k=i 



no ycjiOBHK) 



KpoMe Toro, nocKOJitKy MaTpHHHbie H^O X-B(l — i]), r^e 1 — = b oKpecTHOCTH suppx, h 
Ti cocTOflT H3 sjieMeHTOB Kjiacca TO BeKTop-4)yHKii,HH xS(l — r])Au H Tiu npHHafljiejKaT 
npocTpancTBy {H°°y. HosTOMy b cnjiy (22) nojiynaeM, hto G ®fc=i H'^''"'^ ajih jiioSoh 
4)yHKii;HH X £ C'b"' yflOBjieTBopflK)ii],eH ycjiOBHK) (20). Hhbimh cjiOBaMH, Uk e i^^t *(V^) flJia 
Bcex = 1, . . . ,p. 

TeopeMa 2 ^oKaaana. 

/l^oKaaameAbcmeo meopeMU 3. CnaHajia paccMOTpHM cjiynaii, Kor^a y = R". B CHjiy 
TeopeMbi 2 HMeeM: Uk G H'^'^ . OTcro^a na ocHOBannH jieMMbi 2, r^e u :— ^pp^'^, h ycjiOBHs 
(6) nojiynaeM BKjiioHeHHe u^. G C^^ hto h Tpe6oBajiocb ^^OKasaTb b 3tom cjiynae. 

IIpe^iiojiojKHM Teiiepb, hto V ^ R". B CHjiy TeopeMbi 2 HMeeM: G Hf^!^^ ^(Y)- HycTb 
4)yHKii,HH ?7 G Cj^ y^OBjieTBopaeT cjie/],yiOiii,HM ycjiOBHSM: suppr/ C V, dist(supp r/, 9^) > 
H = 1 B OKpecTHOCTH MH02cecTBa Vq <Z V TaKOM, HTO dist(Vo, dV) > 0. 3Ta (|)yHKi];Ha 
CTpoHTca TaK ace KaK h b flOKaaaTejitCTBe TeopeMbi 2, ecjin saMCHHTb b neM mho^kcctbo supp x 
Ha Vq. Ha ocHOBaHHH jieMMti 2, rp^e u := ipp^^^ h ycjioBHH (6) HMeeM: rjUk G H'^p"^'' C Cj^. 
OTCiofla cjieflyeT, hto see nacTHbie HpoH3BO/],Ht>ie 4)yHKH,HH flP HopH/j,Ka A BKjiioHHTejibHO 
HenpepbiBHbi h orpanHHenbi b HexoTopoH oKpecTHocTH MHoacecTBa Vq. Tor^a 3th npoHSBo^Hbie 
HenpepbiBHbi h na MHOJKecTBe V, nocKOJibKy mojkho BSJiTb Vq :— {xq} fljia jik)6oh tohkh xq G V. 

TeopeMa 3 flOKaaana. 

floKaaameA'bcmeo meopsMhi 4. B co6ojieBCKOM cjiynae = g^, rj^e npoHSBOjibHo bm- 
Gpano s G R, sxa TeopeMa nsBecTna (cm., naiipHMep, [24] (TeopeMa 4.2)). OTCio^a BbiBe^eM ee 
fljia jiio6oro (p G RO c noMom,bio HHTepHOJia:n,HH c (J)yHKn,HOHajibHbiM napaMeTpoM. 

BbiSepeM HHCJia sq < co(y') h si > (Ji{(p)- PaccMOTpnM orpanHHeHRbie neTepoBbi onepaTopbi 



(sr+rnk) 



fljifl r — 0,1, 



(23) 



k=l 



^eflcTByiomHe b npocTpancTBax Co6ojieBa. 3th onepaTopbi HMeroT o6m,ee flflpo N, oflHHaKOBbiii 
HHfleKc, paBHbiil dim — dim A^"*", h oGjiacTH aHaneKHH 



A(^H^^r+mA ^ ^ 0^(..-;.) . (j^^)j^„ ^ fljifl Bcex V G N+\. 
\ k=i ^ ^ 1=1 ^ 



(24) 



OnpeflejiHM HHTepnojiflu;HOHHbiH napaMeTp no 4)opMyjie (11). Corjiacno npefljioacennK) 2 
neTepoBOCTb onepaTopoB (23) BjieneT aa co6oh neTepoBOCTb orpannnennoro onepaTopa 



A : 



+mfc) 



k=l 



k=l 



-h) 



i=i 



i=i 



3flecb B cHjiy npefljioacenHH 3 h 1 HMeeM: 



si+rrik) 



k=l 



k=l 

P 



0^(so-/,) 0^(51-;, 



fe=l fc=l 
0[//{^o-i,)^^(.i-/.)] 0i/^^-'^ 



(25) 

(26) 
(27) 
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yTOHHHM, HTO (26) BCpHO Ha OCHOBaHHH HpeflJIOJKeHHfl 1, HOCKOJIbKy Sq + Ulk < (Tq ((/5p'"'= ) , 

Si + > (Ti((/9p™'=), a 4)yHKn;HOHajibHL.m napaMexp y^^oBjiexBopjieT cooTHomeHHio (11), 

eCJIH B HCM SaMCHHTb Sq Ha Sq + ^^fc; =^1 Ha Si + TTlfc H Ha (^p™"*. AnajiorKHHo, (27) BepHO, 

nocKOJiBKy So ~ < d'oi^p ''^), — > <^i{fP^^-'), a ip yflOBjiexBopHex cooxHomeHHio (11), 
ecjiH B neM saMenHTb sq na sq — Ij, si na si — Ij n (p na ^p~^^ ■ 

TaKHM o6pa30M, (2) — sto neiepoB onepaTop (25). B CHjiy npefljioJKeHHJi 2, HHfleKC onepa- 
Topa (2) paBen dim A?" — dim A^+, a oSjiacTb SHaHeHHii paBna 

j=i ^ k=i ^ 

H coBHa^aeT c (8) BBH^y (24). 
TeopeMa 4 flOKaaana. 
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